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Abstract
A well-known classical result classifies the surfaces in 3-space R3 with the mean curvatures H and the
Gauss curvatures K satisfying H 2 = K as pieces of planes or two spheres. Corresponding results are given
here for Lorentzian surfaces in Minkowski 3-space. This work is done by proving that all the Lorentzian
surfaces with H 2 = K in Minkowski 3-space are null scrolls locally and can be classified into three cases,
two of which have no counterparts in Euclidean space.
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1. Introduction
Denote by E31 the Minkowski 3-space with an inner product of signature (1,2) given by
g(x, y) = −x1y1 + x2y2 + x3y3,
where x = (x1, x2, x3), y = (y1, y2, y3). Generally a surface is called a Lorentzian surface (re-
spectively spacelike surface) if the induced metric has signature (1,1) (respectively (0,2)). It
is very interesting that, even though the local Lorentzian surface theory behaves quite like the
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be the case in this paper too.
As we all know, a surface in R3 with the mean curvature H and the Gauss curvature K
satisfying H 2 = K is an umbilical surface (a piece of plane or two sphere), i.e., a surface with
the shape operator having the minimal polynomial (x − b), where b is the constant principal
curvature. But this is not the case in Minkowski 3-space. It is worth pointing out that the shape
operator of a Lorentzian surface in E31 may be not diagonalizable in general. In [2] Dillen and
Kühnel pointed out that any null scroll in E31 , i.e., a ruled surface with a null ruling in E
3
1 , satisfies
H 2 = K . It turned out that, apart from the umbilical cases, there also exist null scrolls with
minimal polynomial (x − b)2 (b = const), which are called generalized umbilical surfaces by
Magid [6], and null scrolls with H 2 = K = const. For example, the null scroll with the following
parametrization:
r(s, t) = (s, s,1) + t (s + 1, s − 1,2√s ), s > 0, t ∈ R.
An easy computation leads to H 2 = K = 1/(4s) = const. Obviously, these two types of null
scrolls have no counterparts in Euclidean space.
Now, it seems natural to state a problem:
Are there other Lorentzian surfaces, apart from null scrolls, satisfying H 2 = K in E31?
In this paper we solve this problem by proving
Theorem. Locally, all the Lorentzian surfaces with H 2 = K in Minkowski 3-space are null
scrolls and can be classified into the following three cases:
(i) A Lorentzian plane or sphere.
(ii) A B-scroll.
(iii) A null scroll with minimal polynomial of shape operator (x − b)2, b = const.
2. Null scrolls in Minkowski 3-space
Definition 2.1. A null scroll is defined as a Lorentzian ruled surface M with the parametrization
r(s, u) = x(s) + uB(s), (∗)
where x(s) is a null curve in E31 with Cartan frame {A(s),B(s),C(s)}, i.e., A, B , C are vector
fields along x(s) satisfying:
A2 = B2 = 0, C2 = −AB = 1, C = −A ∧ B
and
x˙ = A,
A˙ = a(s)C,
B˙ = b(s)C,
C˙ = b(s)A + a(s)B.
Especially when a(s) = 0 and b(s) = const, M is called a B-scroll [3,4].
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a surface with two families of null coordinate curves.
Proof. Let S: r = r(u, v) be a Lorentzian surface in E31 . Obviously, its fundamental form I =
E du2 + 2F dudv + Gdv2 is indefinite. It follows that I can be decomposed into two distinct
linear factors, i.e.,
I = (Adu + B dv)(Adu + Ddv),
where the coefficients are determined by
A2 = E, A(B + D) = 2F, BD = G.
Thus the ODE
E du2 + 2F dudv + Gdv2 = 0 (2.1)
gives rise to two ODEs:
Adu + B dv = 0, (2.2)
Adu + Ddv = 0. (2.3)
(2.2) and (2.3) determine two families of integral curves
F1(u, v) = const,
F2(u, v) = const.
Let u¯ = F1(u, v), v¯ = F2(u, v). S can be parameterized as r = r(u¯, v¯) with two families of
null coordinate curves. This completes the proof. 
Remark 2.1. The proof of Proposition 2.1 is quite similar to the existence of the local asymptotic
parametrization of a surface in Euclidean 3-space. See [1, pp. 183–184].
Proposition 2.2. Any Lorentzian ruled surface with a null ruling can be expressed as a null
scroll.
Proof. Consider a Lorentzian ruled surface S with a null ruling
r(s, u) = x(s) + uY(s). (2.4)
From Proposition 2.1, we can choose parameter s such that x(s) is a null curve in E31 and Y(s)
is a null vector field along x(s). Let x˙ = X. We claim that XY = 0 (otherwise, S is a degenerate
surface). Therefore we can choose parameter u and the null vector field Y(s) such that XY = −1.
The Frenet formula of x(s) is written down as
x˙ = X,
X˙ = k(s)X + a(s)Z,
Y˙ = −k(s)Y + b(s)Z,
Z˙ = b(s)X + a(s)Y,
where Z = Z(s) = −X ∧ Y . If k = 0, we can take a parameter transformation
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such that
t˙ > 0 and t¨ − kt˙ = 0. (2.6)
From (2.6) we have
s′ > 0 and s′′ + ks′2 = 0, (2.7)
where s = s(t) is the inverse function of the function t (s). Thus we parameterize the ruled surface
S given by (2.4) as
r(t, v) = x(t) + vY1(t), (2.8)
such that x(t) = x(s(t)) and
x′ = X1,
X′1 = s′2a(s)Z,
Y ′1 = b(s)Z,
Z′ = b(s)X1 + s′2a(s)Y1, (2.9)
where
X1(t) = x′ = s′X, Y1(t) = Y/s′ and Z(t) = Z
(
s(t)
)
is a Cartan frame. This completes the proof. 
3. A classification of the Lorentzian surfaces with H 2 =K in Minkowski 3-space
Now we give a proof for the theorem in the introduction.
Firstly, we prove that any surface with H 2 = K is a null scroll. Let S: r = r(s, u) be a
Lorentzian surface with mean curvature H and Gauss curvature K in E31 . From Proposition 2.1,
we can choose parameters s, u such that s-curves and u-curves on S are null curves. Thus we
have
E = G = 0 and F = 0,
where E, F and G are the first fundamental quantities of S. If S satisfies H 2 = K , then
H 2 − K = M2/F 2 + (LN − M2)/F 2 = LN/F 2 = 0,
where L, M and N are the second fundamental quantities of S. It follows that L = 0 or N = 0.
Without loss of generality, suppose L = 0. Then rss is a linear combination of rs and ru, i.e.,
rss = lrs + mru. Notice that r2s = 0 and rsrss = 0. Thus we have m = 0 and rss = lrs . rs has a
fixed direction and all the s-curves on S are null lines. This indicates that S is null scroll.
Secondly, we prove that all the null scrolls can be classified into three cases as mentioned in
the theorem. Consider the null scroll M given by (∗). Let n(s,u) be the normal vector field. An
easy computation leads to
n(s,u) = rs ∧ ru = −b(s)uB − C.
The shape operator takes, in the usual frame {rs, ru}, the following form:
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(
b 0
a + ub˙ b
)
. (3.1)
Let σ be the minimal polynomial of the shape operator.
(i) When a+ub˙ = 0, i.e., a = 0 and b = const, we get σ = (x−b) and n+br = α, where α is
a constant vector. It follows that (r−α/b)2 = 1/b2 (respectively n = α) when b = 0 (respectively
b = 0). M is a piece of Lorentzian sphere with the radius 1/|b| (respectively Lorentzian plane)
when b = 0 (respectively b = 0).
(ii) When a + ub˙ = 0 and b = const, i.e., a = 0 and b = const, we get σ = (x − b)2 and M is
a B-scroll.
(iii) When a + ub˙ = 0 and b = const, M is a null scroll with minimal polynomial (x − b)2.
Thus, all the null scrolls can be classified into three cases and this completes the proof.
From (3.1) it can easily be seen that
Corollary 3.1. The principal curvature of a null scroll is constant along each null ruling.
Corollary 3.2. Any generalized umbilical surface in Minkowski 3-space is a B-scroll.
In [5], the authors proved that any helicoidal surface with H 2 = K in Minkowski 3-space is a
generalized umbilical surface. Thus we have
Corollary 3.3. Any helicoidal surface with H 2 = K in Minkowski 3-space is a B-scroll.
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